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Abstract 

The theory of eleven dimensional supergravity on M}^ x 3^/7^2 with super Yang-Mills 
theory on the boundaries is reconsidered. We analyse the general solution of the mod- 
ified Bianchi identity for the four-form field strength using the equations of motion for 
the three-form and find that the four-form field strength has a unique value on the 
boundaries of M}^ x S'^/Z2. Considering the local supersymmetry in the "downstairs" 
approach this leads to a relation between the eleven dimensional supergravity coupling 
constants in the "upstairs" and "downstairs" approaches. Moreover, it is shown using 
flux quantization that the brane tensions only have their standard form in the "down- 
stairs" units. We consider the gauge variation of the classical theory and find that it 
cannot be gauge invariant, contrary to a recent claim. Finally we consider anomaly 
cancellation in the "downstairs" and "upstairs" approaches and obtain the values of 
\^/k^ and the two- and five-brane tensions. 
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1 Introduction and summary 



In several recent papers [|l|, |2|, ^, ^, ^, |6|, ^ the eleven dimensional supergravity theory 
on X /Z,2 with super Yang-Mills theory on the boundaries has been discussed. 
Three important issues have come up: 

1) With the convention that ^ /jv/n d^^x^\^—GR is the Einstein-Hilbert term in the 

action in the "upstairs" approach and ^ /^fn d^^x^\/—GR is the Einstein-Hilbert term 

in the action in the "downstairs" approach (se next section for definition of M^^ and 
Mj^), it was argued in Q that = 2k^ and that R was the eleven dimensional su- 
pergravity coupling constant. In it was argued that = 2k^, but that k was the 
eleven dimensional supergravity coupling constant. Finally, in |^] it was argued that 
R = K so that both k and R was the eleven dimensional supergravity coupling constant. 
It is crucial which of the coupling constants that is the right one, we have for instance 
the relation ||lO[| 2Kfi = (27r)^(a')2 here with the name kh for the eleven dimensional 
supergravity coupling constant. In this paper we prove the relation r"^ = 2k^ and that 
K is the eleven dimensional supergravity coupling constant. 

2) In it was conjectured that there exists a consistent classical theory of eleven 
dimensional supergravity with super Yang-Mills theory on the boundaries. This was 
based on the general solution to the Bianchi identity where an arbitrary parameter is 
introduced. For certain values of this parameter the theory was shown to be gauge 
invariant. This is completely contrary to the original claim of Hofava and Witten in 

that a consistent theory necessarily is a quantum theory, since the classical theory 
is not gauge invariant. In a quantum theory, the gauge variation of the classical theory 
can then cancel with the gauge anomaly in the effective action. In this paper we show 
that the gauge variation of the classical theory cannot be zero, so quantization of the 
theory is necessary. 

3) Starting with a general solution of the modified Bianchi identity, it was claimed in 
that it was necessary to use gauge, gravitational and mixed anomaly cancellation 

and to include two- and five-brane quantization plus a half-integral quantization of 
G'^/27r|jll|(see later for details) in order to determine the value of A^/k^. It was fur- 
ther claimed that one could not determine A^/k^ in the "downstairs" approach. In this 
paper we show that it is possible to determine A®/k^ by working with gauge anomaly 
cancellation in the "downstairs" approach alone. 

We start in section 2 by considering the general solution to the modified Bianchi iden- 
tity where we have an arbitrary parameter called /3. By the equations of motion for the 
three-form C it is shown that the four-form field strength K surprisingly has a value 
on the boundaries of x 11^2 that is independent of /3. In section 3 we consider 
the local supersymmetry of the theory in the "downstairs" approach and use this to 
find the value of the four-form K on the boundaries of M^*^ x 3^/7^2- Comparing the 
two values of K, we find that In section 4 we find that the classical theory 

cannot be gauge invariant so that a quantized theory with anomalies is necessary. In 
section 5 we consider the gauge anomaly cancellation in the "downstairs" approach 
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and find X^/k^ = (Att)^ and X^/R^ = 256-7r^. In section 6 we use this to prove that 
K must be the eleven dimensional supergravity coupling constant by use of the flux 
quantization rule[ll|. In sections 7 and 8 we consider gauge, gravitional and mixed 



anomaly cancellations, in section 7 it is in the "downstairs" approach and in section 8 
it is in the "upstairs" approach. The two methods give the same results. 

An important conclusion to draw from this paper, is that one can derive all the results 
without using the "upstairs" method at all. The modification of the Bianchi identity 
is not necessary, since from section 3 we see that we can calculate the four-form field 
strength K on the boundaries by working entirely in the "downstairs" approach. This is 
contrary to the "upstairs" approach where one has to use the four-form field strength 
in the "downstairs" approach, in order to use the flux quantization rule[ll|. So the 
"downstairs" approach seems to have all the advantages: It is more natural concep- 
tually, there is no need for the modification of the Bianchi identity with the arbitrary 
parameter in the solution, and the anomaly cancellation is easier to work out. 

2 Analysis of the modified Bianchi identity 

The "downstairs" eleven dimensional space-time is Mj^ = x j'L^ = x 
[0, 7r\/a'] and the "upstairs" eleven dimensional space-time is M^j^ = M}^ x with 
x^^ equivalent to x^^ + 27ry/a'. M^'^ is the boundary at x^^ = and M'^^ is the bound- 
ary at x^^ = 'K\fa' . 

The bosonic terms in the "upstairs" eleven dimensional supergravity theory is || 

SsuGRA = ^ I d^^xV—G(-R — —KmnbtK^^^^'^^ + Sckk 
J Mil V2 48 / 



with 



Sckk = / CaKaK 



where C is the three-form and K = 6dC is the four-form field strength. We use 
uppercase greek letters for the 11 dimensional indices and lowercase greek letters for the 
10 dimensional indices. The eleven dimensional metric^ is Gmn and the ten dimensional 
metric is g^y. We choose Tq = T^Ti • • • Fg where the bars on the indices indicate flat 
indices. In the "upstairs" approach we introduce an orbifold transformation acting as 
x^^ — > x"^^ = —x^^ and x'^ — > = x^. If we demand that the langrangian is invariant 
under this transformation we get that C^y^{x) = —C^u^{x), Cii^u{x) = Cu^uix), 
K^j,v£^v{x) = —K^y^^{x) and Kii^y^{x) = Kii^,y^{x). We combine this action with 
super Yang-Mills theory on M^" and M'^°. On M^^ the bosonic part of the super 

We use the eleven dimensional supergravity action with the notation from |^ , except for the indices 
and the renaming of the four-form field strength. 
^We use the metric signature — !- + ■■■+. 



2 



Yang-Mills action is 

SsYM = - i / d'^xV^]tv{F^,F^n 

where F = dA + is the gauge field strength and A is the gauge field connection. As 
Hofava and Witten pointed out in |p, local supersymmetry in the "upstairs" approach 
requires a modification of the Bianchi-identity dK = to 

dK = -^'^S{x^^)dx^^ A h (1) 
V 2 A 

where I4 = — tr(F^). This identity has the general solution ^ 

K = 6dC- -^'^d{x^^)dx^^ A I3 + ^(1 - /3)^e(x^i)/4 
y 2 A 2v 2 A 

where P is an arbitrary parameter and where Is = —tT{AdA + |^^) so that dl^ = Ia- 
In Lu added the condition that C^^g = on M^^ , but as we shall see, this is not 
consistent with the equations of motion. 

The equations of motion for the three-form C in eleven dimensional supergravity is 



V2 



3456 



Kmi M2 Ms Mi Kms Me M7 Ms 



where we again only consider the bosonic terms of the action. We see that the only 
term proportional to duKni^^,^^ is the term V—GdnKu^^^, so if Kn^^^ has a term 
proportional to (^(x^^) then duKn^y^ has a term proportional to dud^x^"^). But it is 
not possible for any of the other terms in the equations of motion to be proportional 
to so we conclude that Kn^y^ cannot have a term proportional to (5(a;^^). 

Since i^ii^^g(x) = Kiif^y^{x) we cannot have a term proportional to e(x^^) in i^Tn^i,^ 
either. This means that -f^n^jy^ is well-defined at x"^^ = 0, so we must have that 

dCii^,^^ = ■^-j=—6{x^^){l3)f,^^ + Uf,„^ 

where U^^,^ is a 10 dimensional 3-form that is well-defined at x^^ = 0. With the 
definition Bfj_^ = Cu^y we have 

dC ll^y^ = dllC^y^ — dB^y^ 

but if we set dB^^^ = c5{x'^^){Li) + U'^^^^, where U'^^^^ is a 10 dimensional 3-form 

without any terms proportional to we get d{dB)^y^^ = c5{x^^){Ii)^u^v + 

but since d{dB)^y^v = we must have c = since dU'^^^^ cannot cancel a term 
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proportional to 6{x^^). Since Bfj,^{x) = B^y{x) there cannot be terms in B^j_u pro- 
portional to e(x^^), so B^y must be well-defined at x^^ = 0. So since duC^^e, = 

^g<5(x")(/3)/.z.5 + t^M^'? + '^^M^'? we get 

where C is an 11 dimensional 3-form that is well-defined at x^^ = 0. From this we 
obtain 

dC = ^~pi^'')d-'' A /3 + ^§^(^'')^4 + dC 

and 

K = ^^e{x'')h + 6dC' (3) 

So the surprising result is that K does not have any depence on the arbitrary parameter 
f3, contrary to what was found in ^. 

A membrane must experience the same field strength K in the bulk in the two ap- 
proaches. This means that we can find K on M^^ in the "downstairs" approach by 
taking the limiting value of K for x^^ — > 0"*" in the "upstairs" approach]^, |5|, ^. This 
gives 

1 

3 Local supersymmetry in the "downstairs" approach 

In 1^] it was shown that under a local supersymmetry transformation, the iprjF"^ terms 
in the variation of the super Yang-Mills action on M^^ isQ 



u^vp 



in the notation of Q (except for the indices) . To cancel this variation in the "upstairs" 
approach, one modifies the Bianchi identity for K as described in the previous section. 
In the "downstairs" approach, we must instead consider total derivatives with respect 
to the eleventh coordinate in the supersymmetry variation of the langrangian. We 
consider the following term in the eleven dimensional supergravity action]^, |2| 



K? J Mil " ■ 192 



''This is the variation of the modified super Yang-MiUs action derived in [g] starting from the globaUy 
supersymmetric super Yang-MiUs action. 
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in the notation of Q (except for the indices and the renaming of the four- form K) . Under 
a supersymmetry transformation we have that dipM = + • • • where • • • represents 
the terms without derivatives of rj. Ignoring the • • • terms we get the variation 

1^ Jm}^ 96 
so the contribution from this containing a total eleventh derivative is 

jMji 96 
Ignoring the contribution from M'^^ this becomes 

Ja/w 96 



where we used that T^^rj = ^, ^ r\ on M^^^ . In order to cancel the A term, we must 

V — Cr 

require 



i^lM^o = -^$tr(F^) = (5) 

This is is completely consistent with (^) from the "upstairs" approach provided that 
we have the relation 

= 2k^ 

So this relation can be seen as a consequence of demanding local supersymmetry in 
both the "upstairs" and the "downstairs" approach. 

4 The gauge variation of the classical theory 

In the following we calculate the gauge variation of the classical theory. In the "down- 
stairs" approach we always have K = 6dC so we have that 

up to an irrelevant exact form. If we now make the gauge variation 6A = [D, v] = 
dv + [A^v] we have that 5K\}^.^io = and 

where /| = —ti{vdA). The only possible non-gauge-invariant term in the combined 
supergravity and super Yang-Mills action is the Sckk term, and we have 

^/2 



SScKK = -^[ 6CAKAK = --^[ d{llAKAK) 
= -T^ ! ll^KAK=—'^ I llA{h 

6A2 y^v/io 2 12 A6 y^io 2 ^ 



\2 
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So the classical theory cannot be gauge- invariant, contrary to the claim in As 
explained in we must then consider the combined eleven dimensional supergravity 
and super Yang-Mills theory as an effective low-energy theory for a quantum theory, 
so that the quantum anomalies in the effective action can cancel the gauge variation of 
the classical theory. 

5 The gauge anomaly in the "downstairs" approach 

In order to cancel the gauge variation of the classical theory, we must use the gauge 
group -Eslll]- For ten dimensional Majorana-Weyl spinors, we have the 12-form(see [^]; 
the spinors have positive chirality under r^i) 

with the descent equations 

Ii2 = dlu, 6Iii = dllQ 
so that the gauge anomaly in the effective action is 

[ Ilo = -^T^T^ [ II A {h? 
Jmw 3»4(27r)=^ J^/io 

Since we want 6Sckk + = we find 



This is the same result as in [^]. It is important to note that we obtained this by using 
only the gauge anomaly in the "downstairs" approach. This was deemed impossible in 



6 Proof that k is the eleven dimensional supergravity cou- 
pling constant 

We have proved that = 2k^. To prove that k is the eleven dimensional supergravity 
coupling constant we start by assuming that R is the eleven dimensional supergravity 



coupling constant and show that this leads to an inconsistency. From [10| we have the 
quantization rule for the two-brane tension 
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Prom we know that G^/27r should have a half integral period, where in our notation 
= V2T2K, so since^ 

this means that we have the flux quantization rule| 

1 



r e ^ 

(2m) 3 

but that is impossible. If instead we assume that n is the eleven dimensional supergrav- 
ity coupling constant, we can again write the two-brane tension quantization rule|llO| 

giving 



so that the flux quantization rule [11| implies 



This is fulfilled if and only if m = l[] so that 

This is the standard form for the two-brane tension(see for example p!o[| ). 

7 Gauge, gravitational and mixed anomalies in the "down- 
stairs" approach 

To extend our anomaly analysis to include gravitational and mixed anomalies, we must 
replace I4 with 1^ = \t^{R^) - tr(F2) in (|) and d). This was pointed out in |^] based 
on the knowledge of the structure of ten dimensional anomalies. Here R = doj + uj'^ is 
the curvature two-form and u) is the spin connection. With the local Lorentz variation 
5u = [D, G], we can write 

1 2 2-1 
I3 = -tT{ujduj + -oj^) - tT{AdA + -A^), 4 = -tr(eda;) - tT{vdA) 
2 3 3 2 

®In sections 7 and 8 we extend our anomaly analysis to include gravitational and mixed anomalies. 
This has the consequence that I4 = — tr(_F^) is replaced by — ^tr(_R^) — tr(_F^) in (^) and (^. In 
the following we use these modified expressions for the four- form field strength on M^^. 

"See also |, |,|. 

^Assuming m is positive. 
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so that we have the descent equations 

dh = h, 5h = dil 

Replacing / with / we have 



1 k2 



5K\mw = 0, 5C\mw = -^-j=-^dll 



and 

A 



The anomalous 12-form with gauge, gravitional and mixed anomalies is(see |^) 

where Xg = — |tr(i?'^) + ^(tr(i?^))^, with the descent equations 

ii2 = din, 6in = dilQ 
so that the anomaly takes the form 

6W= [ 4 = -T^U^ [ ^2 A {\{hf - Xs) 

This only partly cancels with 5Sckk, so we have to introduce the five-brane term in 
the classical action. In "downstairs" units, it is[^ 

This term has the variation 

So we obtain 6W + SSckk + = if and only if 

^ = {Anf and {T.f = ^ 
We see that has the standard form(see for example [pX|]). 
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8 Gauge, gravitational and mixed anomalies in the "up- 
stairs" approach 

In this section the anomaly canceUation in the "upstairs" approach is considered. The 
purpose is to check whether the anomahes cancel for the same values of \^ / and T5 
as in the "downstairs" method. 



Prom (H) and P) we have 



The variation of C is 



5C = ^^%e{x^^)dil + 5C' 



12^/2 A2 

Since we want 5K = 0, we require d{5C') = 0. Using 

KAK = i^(/4)2e(xii)2 + 36dC' A dC + -^'^e{x^^)h A dC 

we find ^ 

[ 6C' AKAK=-^^ [ eix^^)h A dC A (5C' = 
Ja/ii V 2 JmI^ 

where we used that C'^^^ = on M^^ since C^^,^ is odd under the orbifold transforma- 
tion. So 



SScKK = -^ [ {5C- 5C') AKAK = -^^[ e{x^^)dil AKaK 

= -To I {Hx^^)dx^^ aUaKAK + e(x^^)U AdK AK] 
6 A^ J Mil ^ ' 

= ^1 / e{x'')H{x'')dx'' A i\ A {hf = {-~yJ Kx'')dx'' A i] A {hf 



The five-brane term in "upstairs" units is 



•^5 ~ 0/0 ^-2^ f C AX^ 
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Hence 



8{27ry K^T^ 12V2 7mii 96(27r)^A2r5 J^ii 



^ f 5{x^^)dx^^ A A = -—-I—- I il A Xg 



48(27r)3A2r5 7mii ' ' ' 48(27r)3A2r5 jmio 

So the anomaly cancellation 5W + SSckk + = implies 

\6 27r 
- = /5(4vr)5 and (r5)=^ = /^^ 



We have the quantization rules for the two- and five-brane tensions IC] 

2k'^T2T5 = 2im, n G Z and {T2f = m G Z 

So using this, we find 

/32 = mn^ 

Since 

V2 . 11^ 11^ 

727^ ^/10 ~ 1 0-^4 ~ — 7= 0^4 

27r |^^^^3 167r^ -y/mn 167r^ 



we have the flux quantization rule|ll[| 

1 



so that the unique solution isQ 

(5 = m = n = 1 

which gives 

So we get exactly the same solution as for the "downstairs" method. 
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